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1. Introduction

System stability is a very important problem in the field of natural science and engineering technology. Any actual system
is always moving or working under a variety of occasional and ongoing disturbances. When the system is under disturbance,
whether the system can safely keep the motion track or working condition, that is, the stability of the system is the most
important consideration. The stability of a system includes the stability of the equilibrium state and the stability of any
motion. The stability of a given motion can be transformed into the stability of the equilibrium point. When we analyze
the stability of the equilibrium point, the stability of equilibrium point are defined as Lyapunov stability, uniform stability,
asymptotic stability, uniform asymptotic stability, exponential asymptotic stability and global asymptotic stability. The best
general references here are [1,2].

The study of nonlinear control systems has made some significant progress. For the further research, we review some
common methods for the stability analysis of nonlinear control systems first. The first one, linearization method, is used
to approximate the nonlinear system by using the linearized model. The linear methods include tangent approximation
method and least square method. The linearization approximation is only for weakly nonlinear systems. The second one,
phase plane method, is based on time domain analysis, and it is used to solve the first or the second order nonlinear or-
dinary differential equations. By graphic method, the motion of the first order and second order systems are transformed
into the phase trajectory of the position. The phase trajectory drawing method is simple and the calculation is small, and it
is especially suitable for the analysis of the nonlinear system. The third one, the description of the function method, makes
the nonlinear element approximate to a linear element, so that the stability of the system can be distinguished by using
the Nyquist stability criterion. This method is mainly used to study the stability and self oscillation of nonlinear systems.
For example, if the system produces self oscillation, then the method can be used to find out the frequency and amplitude
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of the oscillation, and to find ways to eliminate the self oscillation. But it can not directly give reliable information about
the transient response. The fourth one, the Lyapunov first method, is a method for studying the stability of an approximate
mathematical model (linear model) of dynamic system. Its basic ideas include that: finding the balance state of the system,;
linearizing the state equation near the equilibrium points (including different equilibrium points); finding the characteristic
values of the state equations with linearization; determining the stability of the system in the case of zero input. If the
characteristic value is 0, we need to use the center manifold theorem. The idea of the stability criterion of Lyapunov first
method is the same as the classical control theory. We need to solve the eigenvalues of the linearized state equations or
the linear state equations, and analyze the stability based on the eigenvalues in the complex plane. Because the Lyapunov
first method requires the eigenvalues of the system after linearization, so the method can only be applied to the nonlinear
constant system, linear constant system or weakly nonlinear problem, and can not be extended to time varying systems. The
fifth one, the Lyapunov second method, is proposed by considering the limitations of the Lyapunov first method. The Lya-
punov second method, also known as direct method, is applied for linear systems and nonlinear systems, constant systems
and time varying systems. It is established on the basis of the stability analysis from the viewpoint of energy. Based on this
view, if only we can find a positive energy function as a reasonable description of dynamic system of n-dimensional state,
then we can judge the stability of the equilibrium state of the system by investigating whether the function decays over
time. According to the characteristics of nonlinear system dynamic equations, we can find V(x) by the correlation method,
and determine the stability of nonlinear systems by the properties of V(x) and V (x). The best general references here are
[1,3-5].

Recently, many researchers have paid attention to the development of the Lyapunov method [6-10]. In addition, the
method for studying the stability of a nonlinear system with the center manifold and normal forms theory appeared in
1985. The classical work can be seen in [11-15].

In this paper, we will consider the system which is characterized by the Jacobian matrix having a pair of purely imaginary
and other hyperbolic eigenvalues at the equilibrium 0. Hyperbolic eigenvalues are the eigenvalues which have non-zero real
parts. We propose a discriminant to judge the stability of a 3-dimensional analytic system. The discriminant is derived from
a kind of normal forms of the system. We also show how to transform a 3-dimensional analytic system to the normal form.
Then our results are generalized partially to n-dimensional system. Finally, examples are presented to show the applicability
of the technique.

2. Stability analysis of 3-dimensional system
In this section, we will give a theorem for the stability analysis of 3-dimensional system. Our main work is to prove the

theorem. The process described here can be implemented on a computer with Maple or Mathematica. First, we consider
such a system

x=f(x), xeR", (1)
where f is analytic, and x = 0 is an equilibrium of system (1), i.e. f(0) = 0. System (1) is linearized to
X=Jx+F(x), xeR". (2)

This function F and its first order derivative vanish at x = 0. We can assume that J is Jordan canonical form (otherwise we
change J to Jordan canonical form by a linear transformation x = Ty). Here, J has a pair of purely imaginary eigenvalues +iw,
at the equilibrium x = 0. Without loss of generality, we assume w. = 1 (otherwise one may use an additional transformation
t’ = wct) to change frequency w, to 1), and the Jordan canonical form of the Jacobian matrix of system (2) at x =0 is

0 1 0
J=|-1 0 0], AecRn-2x0-2),
0 0 A

where A is hyperbolic. For most of the physical situations, we can assume the unstable manifold is empty (the eigenvalues
of A only have negative real part).
In the 3-dimensional case, to begin with, we write Eq. (2) in the component form,

X1 =X + fi(x1, %2, X3),

Xy = —Xx1 + f2(x1, %2, X3), (3)

X3 = —03X3 + f3(X1. X2, X3),
where a3 >0, and f;(0,0,0) =0, 3f;(0,0,0)/0x; =0, i,j=1,2,3. In order to give the theorem easily, we write further
(3) as follows,

X1 = Xp + P1X12 + PaXo® + P3XiXa + PaX1X3 + PsXaX3 + PeX1® + 21 (X1, X2, X3),
X2 = —X1 + q1X1% + G2X2% + G3X1X2 + QaX1X3 + (5XoX3 + G6X2> + 2 (X1, X2, X3),
X3 = —003X3 + 11X1% + 12Xo® + I3X1X + 83 (X1, X2, X3), (4)
2 2

where g; does not contain the terms like x;2, x52, X1X2, X1X3, X2X3, X13, g5 does not contain the terms like x;2, X32, X1Xa,

X1X3, X2X3, X523, and g3 does not contain the terms like x;2, x52, X1X5.
1X3, X2X3, X2 3 19, X2%, X1Xp
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Theorem 1. For the system (4), if A <0, then the system will be unstable at the origin; if A >0, then the system will be asymp-
totically stable at the origin, where
(Ps +q4) (211 — 21, — a313)

0532 +4

A = (p3 —2q1)p1 + (p3 +2G2) P2 — (41 + q2)q3 — 3(Ps + qs) +

L (EPatgs)(asn —asry +2r5)  2(psa+5)(ri +12)
w32 +4 o3 '

Proof. We need to use the perturbation analysis method based on the method of multiple scales [16,17], which is frequently
used for analyzing second-order nonlinear differential equations [18], usually given in the form ¥ + x = £ f(x, X), where dot
indicates the differentiation with respect to time t, and ¢ is a small parameter (0 <& «1), f is a nonlinear analytic function
and thus can be expressed in a Taylor series.Then we begin with introducing new independent variables according to

T, =¢kt, k=0,1,2,...

and
d dTp 0 dT; 0 dT, 0 5
—_ 9% - 21 - 72 - 4. ...=D D Dy+4--- 5
dt = dt 9T, T dt 9%, T dt 9%, | o eV e (5)
where the differential operator D, = 9/97Tj.
Then, we suppose that the solution of (3) in the neighborhood of x = 0 is represented by an expansion of the form
xi(t;e)=exy(To, Tq,...) + 82Xi2(T0, hL,..)+---,1=1,2,3. (6)
Note that the perturbation parameter ¢ used in (6) is the same as that used in the time scales T, = ekt, k=0,1,2,....
Next, we substitute (5), (6) into (3), and balance the like powers of ¢ results in the ordered perturbation equations

1.
€' 1 Dox11 = X21, DoXa1 = —X11, DoX31 = —03X31, (7)

€2 1 DoX1z = Xo2 — Dix11 + fio(X11, X1, X31),

DoXzz = —X12 — D1Xa1 + f22 (X1, X21, X31). (8)

Dox3z = —03X33 + f32(X11, X21, X31).
where fi; = (d2/de?)[fi(x1, X2, X3)]e—o. fip is the function of x;; (i = 1,2, 3) which has been solved from (7). In general, func-
tion f;, only involves variables which have been solved from the previous (k-1) steps perturbation equations. To solve the
¢! order Eq. (7), these equations will be divided into two groups, one of which consists of the first two equations, and the
other one includes the remaining equations.

From the first group, we find that

D%XH +x11 =0, x11 = T(Tl, L, .. ) COS[TO + QO(T], L, .. )] =rcos6,

X1 = Dox11 = —r(T1, L, .. ) Sin[TD + QO(T], L,.. )] = —rsinf.
Because we only care about the asymptotic behavior of the system, the solutions of the second group are contributed from

the first two variables x; and x, only. The asymptotic &' solutions of the second group are given by x3; = 0. Substituting
X11, X21, X31 into (8), thus we can solve Eq. (8). From the first two equations of (8), we get an equation
Do?X12 + X12 = —=D1Dox11 — D1Xa1 + Do fi2 + foo. 9)
Substituting xq1, Xp1, X371 into the right side of Eq. (9) gives an expression in terms of trigonometric functions coskf and
sink@, k=0,1,2. To eliminate possible secular terms which may appear in x;,, it is required that the coefficients of the
two terms coskf and sinkf equal zero, which in turn yields the explicit expression for Dr,D1¢ and x13,x5;. Follow this
way, we also get xy;, Xp;, X3;, Di_17, Di_1¢ (i > 1) from the &' order perturbation equations.
This method can be used to solve any higher order perturbation equations of (3), finally, it is the result that
X1 =r1cosf + hy(rcosf, —rsinf),
Xy, = —rsinf + hy(rcosé, —rsinf),
x3 = h3(rcos@, —rsin@), (10)
and we also find that
or BT() ar 8T1 or aTz
F= e+ 30 o + a0 a0
dTyp ot 0Ty ot 0T, ot
: dp dTy  d¢ 0Ty

0=1+3—T0 oI +ﬁﬁ+”':1+D°(p+8D1¢+”"

We use a back scaling er—r, and find that

+---=Dor+&Dir +&%Dyr+ - - -,

F=apr® +aisr + -+ Gapn™™ 4 (1)
0 =1+apr?+a;r*+---+ G on)™" + -
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One has got the simplest normal form of (11) in [11], in this article we just discuss one case that (11) can be reduced to the
following form,

{,[) =apP® + a150°,
@ =1+ ay3p?,

Note that aq3 in (11) is the same as that in (12). The next work is to prove that (3) can be reduced to (11) by the center
manifold theory. If the transformation

lf ais 750 (12)

Y1 =rcosf, y, = —rsinf
is introduced into (10), one can rewrite Eq. (10) as follows,

X1 =y1+h(y1,¥2),

X2 =y2 +ha(y1,2).

x3 = h3(y1,¥2). (13)
Let us give the following near-identity transformation to (3):

X1 =y1+h(1,¥2),

X2 =y2 +ha(y1,2).

X3 =Y3, (14)
then we have

ohy ohy
. 1+ +— — 0 .
X1 oy 0y2 V1
ol=| o o ]
X3 ayl ayz }}3
0 0 1
and
LT ah; 1!
. 1+ +— — 0 .
Y1 A 9y, X1
V2 | = oh, 1+ oh, 0 X2
3 a1 ay2 X3
| 0 0 1]
LT ah, 1!
1+ — a 0
ay1 9y2 X2 + f1(x1, X2, X3)
= 8h2 ahz —X1 +f2(X1,X2,X3) . (15)
— +22 0
A 9y» —a3X3 + f3(X1, X2, X3)
| 0 0 1]

We can obtain the system which has the same stability properties as (3) at the origin by substituting (14) into (15), as
follows,

y1i=y2+e1(1,¥2,¥3),
V2 = -y1+ea(¥1.¥2,¥3),
V3 =e3(¥1.¥2.¥3). (16)

Comparing (13) and (14), we get y3 = h3(y¥1,y>). And y3 = h3(y1,y,) is the center manifold of system (16), because of the
related theory of center manifold in [19]. Substituting y3 = h3(y1,y2) into the first two equations of (16), we can get the
reduced system as follows,

Vi =Y2+ a2 +y22)y1+ -+ Gy 012 Y22 4+ a2y + -
+niny V12 +Y22) Y2 + -
V2= =y1+a3(i® +y2)¥2 + -+ Ganny 12 +Y22) o + - — a3 (1? +y2 )y — - -
— @iy 12+ 32"y — - (17)

And the reduced system is obtained in [20,21] too. The system (17) given in polar coordinates can be written as (11). The
best general references here are [20,21]. Thus, according to the center manifold theory, (11) and (3) have the same stability
properties at the origin. As we know, in (11), if a;3 > 0, the system is unstable, if a;3 <0, the system is asymptotically stable.
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Thus the next work is to solve a;3. According to the calculations above, we get a3 = D,r. Then the next work is to solve
D,r, and we notice that D,r appears in &3 order perturbation equations,

&% : Dox13 + D1X12 + DaX11 = Xa3 + fis,
DoX23 4 D1X22 + DaXa1 = —x13 + fa3,
DoX33 + D1x33 = —0t3X33 + f33. (18)
Note that, fi3 = (d3/de3)[fi(x1,%,,%3)]c—0, i=1,2,3. Substituting (6) into (3), we can know that fi; is in terms of
X113, X013, X11Xis X21Xjp, (i, j =1,2,3). Next,we will solve xq3,Xp,35. Comparing (3) and (4),we find that
fir(x1.%2.X3) = p1x1? + P2Xa® + P3X1Xz + PaX1X3 + PsXoX3 + PeX1® + &1 (X1, X2, X3),
fr(x1.%2.X3) = Q1X1% + QaXa® + Q3X1X2 + QaX1X3 + G5X2X3 + G6X2> + 82 (X1, X2, X3).
f3(x1.X2.X3) = 11x0% + 12X0% + T3X1 X + 83(X1. X2, X3). (19)
In (9), Do®X13 + X13 = —D1DoX11 — D1X21 + Do f12 + foz, by calculations, we find Dqr = Dy¢ = 0, which yields that
Do?X12 +X12 = Do fiz + fa2. (20)
According to previous definitions, fi2, fo2, f32 are in terms of X112, X212, X11X21, then we learn from (6) and (19) that
fr2(xa1, %21, X31) = p1xXn1® + P2Xar® + P3XiiXat.
foa (X1, %21, X31) = Q1X11% + Q2X21® + @3X11X1,
fr2(X11, %21, X31) = X% + FaXo1? + I3X11Xa1. (21)
Substituting the first two equations of (21) and xq7, X; into (20), we find that

D3x1z +x12 = Dof12 + fro = Do(p1x11® + P2Xa1? + P3XniXa1) + QiX112 + @2X212 + @3X11Xa1,

Do?X12 + X1z = (p2 —p1— qi)rz sin26 + (q—l R pg)r2 cos 26 + (@ + q—2>r2. (22)
2 2 2 2 2
Because the maximum degree in the right of (22) is two , we can assume that
X12 = Ag +AqcosO + By sinf + A, cos 260 + B, sin 26. (23)

Substituting (23) into (22), and using the harmonic balance method [22], the corresponding terms of both sides are balanced,
we find that
X12 = A1or? + A2 €05 20 + Appr? sin 260

1+ Q2 Q2+2P3—Q1r2
- 2 6

From the first equation of (8), we find

2

qs +2p1 —2p2 ,
T

e+ cos6 + sin 26.

X220 = Dox12 + D1x11 — fi2 = A20T2 + Ay % cos 26 + A22r2 sin 20

_ PPy Dot 2G o0g , 2012207 P32 g 0g.
2 6 6
From the third equation in (8), we get
DoX3p + at3X3p = f32(X11, X1, X31). (24)
Substituting x3, = Ag + A1 cos8 + By sinf + A cos 20 + B, sin26 and f3; into (24), we can find
X33 = Asor? + Asi12 cos 20 + As,r? sin 26

rn+rn, 03] — 031 + 2T'3 2 2T1 - 2T2 — Q33 5 .
= r r°cos260 + ———————"r*sin20.
205 | | 2(a+4) T T a1 4)

Because Dir = D;p = 0, we can get the following equations from the first two equations of (18),

D§x13 + x13 = —DoD1X12 — DoDaX11 — D1X22 — DaXa1 + fa3 + Do fis,

D02X13 + X3 = 2(D2r -sinf + rchp - COS 9) + f23 + D0f13. (25)
To eliminate the possible secular terms which may appear in x;3, it is required that the coefficients of the two terms cos 6
and sin# equal 0 in (25), and we can see that D,r only appears as the coefficient of sin6, thus we only need to search
the terms about sinf in fy3 and Dgfi3, which are the terms about sin6 in f,3 and cosé in fi3. Because fi3 is in terms of
X112, X213, X11Xpp. Xx1Xjp. (i.j=1,2,3), in (19), we can assume

fi3 = 2p1XnX12 + P3X11Xo2 + PaXiXs2 + P3Xa1Xaz + 2P2X21X22 + PsXo1X32 + PeX1i® + fiz1.

fo3 = 2q1xuX12 + Q3X11X22 + QaX11X32 + Q3X21X12 + 242X21X22 + G5X21X32 + 6Xa1° + fo31. (26)
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where fi31 = ¢1X213, fa31 = C2X113, €1, ¢y is constant. Substituting (26) and X153, X33, X35 into (25), it results that
(113T'3 = D2T

1 1 1
= —§T3[(—2P1 —q3)A10 + (5613 - P1)A11 — (P34 2q2)Az0 + (—5193 + Q2)A21 — (P4 + q5)As3g

1 1 1 1 1 3 3
+ j(% — Pa)As1 + (5133 + lh)Alz + (pz + 5‘13)/\22 + (5175 + EQ4)A32 — 4P6 Z%]'

Substituting Ajp, Aj1. Ajp (i=1,2,3) into the above equation, we find

(ps +q4)(2r1 — 21, — a3rs)
a32 +4

1
i3 = —g |:(P3 —2q1)p1 + (p3+2q2)p2 — (q1 + 92)93 — 3(ps + gs) +

4 (Patgs)(asn —asr +2r3)  2(pa+s)(n +12)
w32 +4 o3 '

Then, A = —8ay3, thus the theorem is obtained. O

3. Stability analysis of n-dimensional system

In this section, we mainly give three theorems to solve the center manifold of system (2) which is n-dimensional system,
and solve the normal forms of the reduced system which is obtained by the center manifold theory. Then we give a dis-
criminant which is solved by the coefficients of the system to judge the stability of the n-dimensional system by the normal
forms. According to the previous discussion, in the system (2),

X=Jx+F(x),xeR",

where F and its first derivative vanish at x = 0, and

0o 1 O
J=|-1 0 o0, AecRO-2x(-2)
0 0 A

the eigenvalues of A are hyperbolic, and their real parts are negative. Thus, we assume that

B
C
A= )
D
B E
_—O(] 1 -
—0q 1
1
B= )
-0
-0

L —061_ (ka xka)

_—Olz
C= ,

L O,




—a w 1 T
-0 - 1

- w 1

-0 -« 1

—Wgsr1 Okt
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1
-
Y- ’
-
R

— (ks—k3)x (ks—k3)
O[k5+1 Wi, 11

—s42 Wiy 42
—Wisy2 Q42

—0n1 Wn-1

—Wp-1  —0p_1

Note that C has no multiple real eigenvalues, and E has no multiple complex eigenvalues. B has multiple real eigenval-
ues, the multiplicity of 1 in B is k;. D has multiple complex eigenvalues, the multiplicity of 1 in D is k4 — k3 . Here, the
multiplicity of 1 can be obtained with the knowledge of the Jordan canonical form. Then, we write the system (2) in the
component form

X1 =X+ fi(x1, %2, ... Xn),
Xy = =X1+ fo(X1. X2, ..., Xn),
Xg = —01Xq +Xap1 + fa(X1, %2, ..., %), (a=3,4,.... k1 +2),
Xp = —01Xp + fy(X1, X2, ..., Xn), (b=k1 +3, ..., ka +2),
Xp = —Olep-i-fp(X],Xz,---,Xn),(P=k2+3,---,k3),
Xe = —QXc + WXey1 +Xer2 + fo(X1, X2, ..., Xn),
Xep1l = —WXe — OXey1 +Xe3 + fer1 (X1, X2, . xn), (C=ks+ 1, k3 + 3, ..., kg — 1),
Xy = —0Xg + WXq 1 + fa(X1. X2, ..., Xn),
XCH] = —WXq — X441 +fd+1(X1,X2,..,,Xn), (d=k4+1,k4+3, ...,k5 — 1),
Xg = —0gXqg + WgXqi1 + fo(X1. X2, ..., Xn),
Xg41 = —WgXq — OlgXqy1 + far1 (X1, X2, ... %), (@ =ks + 1, ks +3,...,n—1), (27)

where o7 >0,

op>0,a>0,0g>0,w>0,wq>0.

And we assume that f; = s;1x1% + Si%2% + fig, i=1,2,...,n. fiyp does not contain the terms like x;2 and x,2. We take the
approach used in studying the 3-dimensional systems, namely the perturbation analysis and multiple scale method, to study
the n-dimensional system. Here, we only write ¢! and &2 order equations.

gl

Dox11
Doxa1
DoXa1
Doxp1
Doxp1

Doxc1

= X21,

= —X11,

= —Q1Xq1 + X1y, (@ =34, ...k +2),
=—a1Xp, (b=Kky +3, ..., ks +2),
=—opXp1, (p=ka+3,....k3),

= —0Xc1 + WX (1)1 + X(c2)15
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DoX(C+1)1 = —WXc1 — 0X(c1 1)1 + Xc3)15 (C = k3 +1, ](3 +3,..., k4 — 1),
Doxq1 = —QXgq1 + WX(g11)1,

DoX(d+1)1 = —WX41 — X111, d=ks+1,ks+3,.... ks —1),

DoXxq1 = —QgXq1 + WgX(g41)1,

DoX(g+1y1 = —WgXq1 — AgX(g11)1- (@ =Kks +1,ks +3,....n - 1), (28)
g%

Dox12 + D1x11 = X2 + fra (%11, X21. - -+, Xn1)s

DoXpy + D1Xa1 = —X12 + fo2 (X11, X21, - - - Xm1),

Doxgy = —01Xa2 + X(g1y2 + fa2 (11, X1, .- X)), (@ = 3,4, ...k + 2),

Doxpy = —t1Xpy + fro (X1, X21, .., Xn1), (=K1 +3, ..., ks + 2),

Doxpy = —QpXpy + fp2 (X11, %21, .., Xn1), (P=ka + 3, ..., k3),

DoXea = =Xz + WX(c11)2 + X(cr2)2 + fa (11, X21, - .., Xn1),

DoX(ci1)2 = —WXe2 — X (12 + X(ei3)2 + fier2(Xats Xa1, . Xn1), (C=ks + 1, k3 +3, ..., kg — 1),

DoXgy = —0Xgp + @X(gy1)2 + faz (X11, Xa1. - . Xm1),

DoXx (4412 = —WXg3 — AX(g1)2 + faen2 X1 X2t - X)), (d =ka + 1, ks +3, ... ks — 1),

Doxga = —QgXqa + WaX(g1)2 + f2 (K11, X21, -, Xn1),

DoX(gi1y2 = —WgXq2 — AgX(gr1)2 + figen2 (X1 X1, .. Xn1). (@ =ks + 1, ks +3,....,n—1). (29)

The equations of (28) can be divided into two groups, one of which consists of the first two equations, and the other one
includes the remaining equations. According to the first group, we obtain

Dixn +x1 =0, xiy =1 (N1, B,...)cos[To + ¢(T1, T, ...)] = rcosH,
X1 = Dox11 = —r(T1, L, .. ) SiI'l[To + QO(T], L,.. )] = —rsinf.

The &! order solutions of the second group are given by x;; =0,i=3.4,..., n. We substitute x;; =0 (i=3,4,...,n)
into (29). Then (29) is divided into four groups. The first and second equations are the first group. In this group, we can
get Dy?Xq3 + X12 = —D1Dgx11 — D1X21 + Dof12 + fo2. To eliminate possible secular terms which may appear in x5, we find
Dqr = D1¢ = 0. The third, fourth and fifth equations are the second group, and after we solve the fourth and fifth equations
of (29), we can solve the third one. The sixth, seventh, eighth, and ninth equations are the third group, and after we solve
the eighth and ninth equations of (29), we can solve the sixth and seventh equations. The tenth and eleventh equations are
the fourth group, we can solve the group directly. In the discussion above, we solve the equations by the harmonic balance
method. Finally, X, (i=1,2,...,n) can be obtained. This method is also applicable to higher order perturbation equations.
Then, by the maple program in the computer, in the finite step, one gets D;r = c;1t!, Djp = cori, if i is even, where ¢, ¢,
are constants; D;r = D;6 = 0, if is odd. The maple program mentioned above is available in [12].

Lemma 1. In the expansion of x;, x;j = ri[Co + ZL] (G cos kB + Gy sinkf)], Co, Cyi, Cyi are constants. If j is even, then Cy), =
Gy = 0, in which k is odd, if j is odd, then Cy = Cy = Gy, = 0, in which k is even.

Proof. This lemma is proved by induction. Note that the terms like C; cos k6, Cy,sinkf are called odd term, if k is odd; the
terms like C;icos k@, Cysinké are called even term, if k is even. First, the method introduced above is used to solve

X11 =1C0S0, Xy = —1Sin€, X351 =X41 = --- = Xpy1 =0,
X = 1*(Co 4 Cipc0520 + Cppsin260), 1=1,2,...,n. (30)

Obviously, xj;, X, are satisfying Lemma 1, and we assume that the lemma is right when j =m — 1. We can write ¢™ order
perturbation equations, and the first two equations of them is written, as follows,

Dy_1X11 + Dim—ax12 + -+ - + DoX1m = Xom + fim.
Din_1X21 + Dip_oXpo + - -+ 4+ DoXim = —X1m + fom- (31)
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From (31), we find that
D3X1m + Xim = —DoDm_1X11 — DoDm_2X12 — - - - — DoD1X1(n_1) — Dm-1X21 — Dm_2X22 - - - =D1Xa(m_1y + fam + Do fim.
(32)

If m is odd, according to the results we have got, the terms which contain D; (i is odd) in the right of (32) equal 0. Thus
(32) is written as

D3X1m + X1m = —DoDm_1X11 — DoDm_3X13 — - - - — DoD2X1(m_2) — Dm—1X21 — Din_3X23 - - - =DaXo(m_2) + fom + Do fim.
(33)

We assume that
Xim = Ao +A1€0s6 + By sinf + - - - + Ay cosmb + By, sinm6. (34)

On the right side of (33), according to the induction hypothesis, and because D;r = const.ri+!, D; = const.ri, if i is even; D;r =
Di® =0, if i is odd, we find every term is like the form of r™[Cy + >_j%; (Cyj cos kO + Cyy sinkd)], Co, Cqy, Co are constants.
Because fi;, = (d™/de™)[fi(x1,X2,...,Xn)]e=0(i=1,2,...,n), and m is odd, by induction hypothesis, thus the last two
terms f5,, Dofim only contain odd term, the remaining terms contain odd term obviously. Thus the right side of (33) only
contains odd term. Then, substituting (34) into (33), and balancing the corresponding coefficients of both sides, we get

X1m = "™[Aq1 oS 6 + Byq sin6 + Asq cos 30 + B3y sin36 + - - - 4+ Ay cosmf + By, sinmé]. (35)
Substituting (35) into the first equation of (31), we get
Xom = "™[A12 c0SO + Byz Sin6 + A3y cos 30 + B3, sin36 + - - - + Ay cos mé + By sinm6]. (36)

Note that A1, Ajp. Bi1.Bpp (i=1,2,...,m) in (35) and (36) are constants. Similarly, according to the conditions of the induc-
tion hypothesis, from the rest equations of €™ order perturbation equations, we find that if m is odd, then

Xim = "™[Aq; c0S O + By;sin@ + Asz;cos36 + Bz;sin360 + - - - + Ayicosmé + By;sinmf], i=1,2,...,n; (37)
if m is even, then

Xim = "™[Agi + Ay C0S 26 + By; sin 260 + A4; c0S 460 + By sind0 + - .- + ApicosmO + By sinmf], i=1,2,...,n, (38)
where Aj;, By (j=0,1,2,...,mh=1,2,....m,i=1,2,...,n) in (37) and (38) are constants.

Thus, the Lemma 1 is obtained. In the previous section, we have obtained that

Dir = ;71 Djp = i, where ¢4, ¢, are constants, as i is even;

D;r =D;0 =0, as i is odd, where i is finite.

Next,we will show that if we keep computation, we will prove that the result is the same. O
Lemma 2. In the system (27), if i is even, then D;r = c;rt1, Dy = c1t, where ¢y, ¢, are constants; if i is odd, then Dir = D;f =
0,i=1,2,...

Proof. According to the method introduced above, to eliminate the possible secular term in xq,,, we get D;r, D;. Thus we
can study the problem in (32), as follows,

D3X1m + Xim = —DoDpn_1X11 — DoDm_2X12 — - - - — DoD1X1(m_1) — Dm-1X21 — Dm—2X22 - - - =D1Xa(m_1y + fam + Do fim.

where m=1,2,3,....

From the above equation, we can see that only terms (—DgD;;,_1X11 — Dm_1X21) contains Dy,_1. Then we use the induction
method to solve this problem. According to the previous algorithm, we get D;r = D@ = 0, Dor = aq313, Dy@ = ay3r?, which
satisfy Lemma 2 obviously. We assume the conclusion is right when i <m — 2, and because

—DoDim_1X11 — Dim_1X21 = —2Dp_1X21
= 2Dp_11 - sin0 + 2rDy,_1¢ - cosH. (39)
From (39), we know that Dy,_1r only appears as the coefficient of sin6, and D,,_;¢ only appears as the coefficient of cos6.
Thus, in the process of eliminating the secular term and solving D,,,_;r, we only consider the terms about sin6.
When m is odd, (32) can be written as
D3X1m+X1m= (—DoDm—1X11—Dpn_1X21) — DoDm_3X13 — - - - — DoD2X1(m_2) — Dm—3%X23 - - - =DaXp(m_2) + fom+Do fim,
(40)

then, according to Lemma 1, we know that the right of (40) can be written as
(2D 17 -sin6 + 2rDyy_1¢ - cosO) + r™[A; cos O + By sinf + A3 cos 360 + B3 sin30 + - - - + Ap cos mf + By, sinmé],

where Aq,As, ..., Am,B1.Bs, ..., B, are constants. To eliminate the secular term that may appear in xq,,, we get that D;;, 1 =
const.r™, Dp,_1¢ = const.rm-1,
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When m is even, we also consider
D3X1m + X1m = —DoDm_1X11 — DoDm_2X12 — - - - — DoD1X1(m_1) — Dm—1X21 — Dm—2X22 - - - =D1Xa(m_1) + fam + Do fim.
then it can be written as,
D§X1m+X1m = (=DoDm_1X11 — Dpn_1X21) — DoDpn_2X12 — - - — DoDaX1(m_2) — Dimn—2X22 - - - —=DaXo(m_2)+ fam+Do fim-
(41)
According to Lemma 1, we find that the right of (41) can be written as

(2Dp_11 - Sin6 + 2rDyy_1¢ - cos0) + r™[Ag + A, cos 20 + B, sin 260 + A4 cos 46 + B4 sin46 + - - -
+ A cosmé + By, sinm0].
To eliminate the secular term that may appear in xq,,, we get that D;,_1r =Dp,_1¢ = 0.

Thus Lemma 2 is obtained.
Next, we give a back scaling er— r or simply setting ¢ = 1, then we get

X1 =rcosf +hy(rcosf, —rsinf),
Xy, = —rsinf + hy(rcosé, —rsinf),
X; = hj(rcos®@, —rsinf),i=3,4,...,n. (42)

In polar coordinates, we find that
= Dyr+Dyr+Der+...+Dyr + ...
= ag3r? + aisr + At 4 A QP 4
0 =1+Dy0+Ds@ +Dg@ + ...+ Dopg + ...
=1+ axr? + axsr + aynr® + ..+ Gy + ... (43)

Similar to the study of 3-dimensional systems, one has gotten the simplest normal form of (43) in [20], and we just discuss

the case that (43) can be reduced to the following form,

p=ap®+a5p°, .

; 5 if a;3 #0; (44)
¢ =1+axp°,

Note that a3 of (43) is as same as a;3 in (44). The next work is to prove that (27) can be reduced by the center manifold
theory to (44). If the transformation y; =rcos6, y, = —rsin# is introduced into (42), we can rewrite Eq. (42) as follows,

x1=y1+hi1. y2). 2 =y2 + ha(y1.¥2). xi=hi(y1.y2).i=3.4,....n. (45)

Let us make the following near-identity transformation:

x1=Y1+hi(y1.y2). 2=y2+h(1.y2), xi=yi.i=3.4,....n. (46)
Then,
. _‘1 + aﬂ % ]
X1 8)/1 8}/2
X2 oh; dhy
__“ 1 + —=
. Y1 9y,
= 1 i
Xn
L 1]
_1 + % % 1" .
oY1 Y, %1
% 1 + % )&2
_ Y1 dy2
B 1
Xn
L 1]
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EPRL 7"
01 9y X2+ fi(x1, X2, ..., Xn)
ohy 1+% X1+ fa(X1, X2, ..., Xn)
= a1 9y2 . ‘ (47)
1 )
—Wn_1Xn_1 — On_1Xn + fo (X1, X2, ..., Xn)
1

We can obtain the system (48) which has the same stable properties as (27) at the origin by substituting (46) into (47), as
follows,

=y2+e11.¥2,....¥n)s
Y2 =-yi+ea(yi.¥2, .-, Yn)s
yvi=ey1,Y2,..-,¥Yn),i=3,4,...,n (48)

We get y; = h;(y1.¥2)(i=3,4,...,n) from (45) and (46). According to center manifold theory, we can prove that y; =
hi(y1,¥2),i=3,4,...,n is the center manifold of the n-dimensional system (48).
Substituting y; = h;(y1,y-) into the first two equations of (48), we can get the reduced system ,

Vi =Y2+ a2+ Y2y + -+ Qa0 + 32D 4+ a2y + -
+aniy V12 +Y22) Y2 + -

Yo =—Y1+a3@2 +y22)2+ -+ Ganny 12 +¥2) Y2+ — a2+ Y20y —
— @aniny 12+ 32"y — - (49)

And the reduced system is obtained in [11-13] too. The Eqs. (49) given in polar co-ordinates can be written as (43). Thus
the system (48) and (49)(43)have the same stability properties at the origin. And the system (48) and (27) have the same
stability properties at the origin, so the system (27) and (43) have the same stability properties at the origin.

To give the following theorem for determining the stability of n-dimensional system conveniently, f, in (27) is written
as

2 2 3

fi = sux1” + S12%2” + S13%1Xg + S14X1X3 + S15X2X3 + S16X1° + fi1,
2 2 3

f2 = 521X1° + $22X2° + 523X1X2 + $24X1X3 + S25X2X3 + S26X2° + fo1,

fe = Six1? + Siax2® + SigX1xo + fin. k=3.4,....n, (50)

where fi; does not contain terms of x12, Xo2, X1X2, X1X3, X2X3, X123, fo1 does not contain terms of x;2, X52, X1X2, X1X3, X2X3,
X53, fi1 does not contain terms of x;2, x,2, x1X,. And we assume X;; = Bjor® + Bj; 1% c0s20 + Bjpr?sin26. O

Theorem 2. For the system (27), if A <0, then the system will be unstable at the origin; if A >0, then the system will be
asymptotically stable at the origin, where

n

51 1 1 1 1 1
A= Z (ESiZBiZ - gil (BiO + i&'l)) + Z (5'[]'13]'2 — 'L'jz <Bj0 — jBﬂ>> + 5(322522 + 3121'11) — (B]o + jBﬂ>$11
i=1 j=1

1 3
- (320 - 5321>‘522 - 1(516 +$26),

i1 and &, are the coefficients of x1x; and x,x; in f; respectively; T;; and t;, are the coefficients of x1x; and x,x; in f, respectively;
i i j j j j
Bio, Bi1, Bjp are defined by x5 = Bjyr®> + Bi11% c0s 20 + Bjpr? sin 20, in which
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So1 + 522 S22 + 2813 — Sp1 523 + 2511 — 2512
Bio=——=—.Bn = B = ,
2 6 6
S11 + S12 2523 +S11 — S12 2531 — 252 — S13
By = — 3 By = 6 ,Bzz=f,
Bo— tp o4 S0tSae p o iBaii - 2Bai12 | ®1Sa1 — Q1Sa2 + 2543
a0 (4] a+1,0 2061 » al Ct’12+4 2((1]2+4) ’
2Bgi11 +1Bay12 | 2Sq1 — 2802 — 1S3
B — : g ,a=3,4,... ki +2,
@ o2 +4 2(012 +4) !
Sp1 + Sp2 1Sy — A1Spy + 2833 28p; — 28pp — 0U3Sp3
By = ——.Bp = , By, = b=k +3,... ky+2,
b= o 22+ 4) b2 2+ 4) 1 2t
Sp1 +Sp2 O pSp1 —OlpSp2+25p3 25p1 —25p2—0535p3
B zip p,B = s = 5 =k +3,...,k,
0=, M 2(p2 + 4) 2 2214 PR 3
B _ aBey0+ wBeizg  0(Sc1 +52) + @0 (Sci1,1 + Scr1.2)
@ w? 4+ a? 2(w? + a?) '
B —4avy + (02 + w? — 4)vy 4oV + (02 + 0? — Dy
cl 2 =

1602 + (a2 + w? —4)°

a(Se —Sc2) + W(Sci1,1 — Sea1,2)
5 ,

1602 + (a2 + w? — 4)°

Vet = 2By + wBey3 1+ aBeio 1 — Sz +

1
Vo =—2Bcip1 +®Bei32 + B2 452 —Sc1 — j(OlSc3 + wSc11.3),

c=ks+1,ks+3,....ks—1,

B @(Sgy11 +Sa41,2) + A (Sq1 + Sa2) —4aug + (% + w? — 4)ug B daug + (a? + w? — 4)ug,
do = » ba1 = »bay =
2(@* +a?) 1602 + (a2 + w? — 4)° 1602 + (a2 4+ w? — 4)°
A (Sq1 — Sa2) + @(Sq11,1 — Sd+1,2) 1
Ugy = —Sq3 + 5 5 gy = Sy = Sa1 — 5 (X843 + @Sg.13),
—w(Sq1 +Sa2) + & (Say1,1 + Sdv1,2) 1 1
Byi10= 2@t oz2+) == By = w <—23d1 +aBg + 5&13),

1 Sa1— S
Bij12 = 5(23d2 +aBg — %)

d=k4+1,k4+3,.,.,k571,

By — Wq(Sq+1,1 + Sq+1,2) +0q(Sq1 + Sq2) B, — —doigligy + (0tg? + wg? — 4)tig L= Aaguigr + (g2 + wg? — 4)ug
q = »2ql = »as ’
2(wq? + ag®) 160162 + (0tg? + wg? — 4)° 1602 + (0tg? + wg? — 4)°
0q(Sq1 — Sq2) + Wq(Sqr1.1 — Sqr1.2) 1
Upp = —Sg3 + ——H "4 2q gt 222 U = Sq2 — Sq1 — j(“q5q3 + WgS¢+1.3).
—wq(Sq1 + Sq2) + 0tq(Sq+1,1 + Sg+1.2) 1 1
B =4l T4 a7q+l1 T Ta+le’ B :7(—23 +agBp + =S )
4+1.0 2(wq? + og?) q+1,1 g q1 9bg2 + 55¢3

1 Sq1— S
Burnz = 5 28z + By~ 57 ),
q

q:k5+1,k5+3,...,n—1.
Proof. We need to judge the stability of (43), firstly, we need to solve a;3. Because aq3r3 = D,r, then the next work is to
solve D,r. According to the method introduced above, in the &3 order perturbation equations, to eliminate the possible
secular term in x43, we can solve D,r. From the first two equations in the &3 order perturbation equations, DyX{3 + D1X1 +
Dyx11 = X3 + f13. DoXa3 + D1x2z + DaXo1 = —x13 + fo3, we obtain that

Do?X13 + X13 = —DoD1X12 — DoDaX11 — D1Xaz — DaXa1 + fo3 + Do fis.
Substituting xq1, X1 into the above equation, we obtain

D02X13 + X113 = 2(D2r -sinf + rD2<p . COS@) + f23 + D0f13. (51)

According to the definitions above, fi3(i=1,2,...,n) is in terms of x113,%13, X11Xj2,X21X;p, i = 1,2, ..., n. Because D,r only
appears as the coefficient of sinf, we only need to consider the coefficients of sinf in f,3 + Do f13. Thus we only consider
the terms like X11Xj5, X21Xj2. X112 (i=1,2,...,n) in fy3, and consider the terms like Xq1Xj. X21X;2, X213 (i=1,2,...,n) in fo3.
According to the lemmas we have given, we assume x;, = Bjg + B;; c0s 26 + Bj; sin 26, and substituting the above equation
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into (51), we find

) "1 1 o1 1
D3x13 + x13 = 2(Dor - sin@ + rD,¢ - cos ) + |: (igiZBiz —&1(Bio + 5311)) + Z (57—'1131'2 - Tj (Bjo - 5311))
im1 =
1 1 1 3 .
+ 5(322522 +Bpp1i1) — (310 + EBH>€11 - (Bzo - 5321)‘[22 - 2(5‘16 +53) |7 sinf + g, (52)

where g does not contain the terms like sinf.
To eliminate the possible secular term in xy3, in the right of (52), it is required that the coefficients of sinf, cosé equal
0, which in turn yields

n

n
Dyr = —%r3 |:Z (%";‘QB,-Z — & (B,-g + %Bn)) +y (%Tﬂsz -Tp (Bjo - %le)) + %(322522 +B12T11)
i=1 Jj=1
1 1 3
- <B10 + 5311>§n - (320 - 5321>1'22 - 1(516 +526)]- (53)

Thus the next task is to get By, Bj;, Bj, and solve x;, in the &2 order perturbation Eq. (29). In the first and second equations,
according to the method for studying 3-dimensional system, by using the method of harmonic balance, we get By, By1, B12,
B0, Ba1, Bya, X12, X23. In the rest of the Eq. (29), Bjo, Bj1, Bj(j =3, 4,...,n) are obtained. Finally, we find that a;3 = —%A.

In the system (43), if a3 >0, (A <0), then the system is unstable; if a;3 <0,(A >0), then the system is asymptoti-
cally stable. And because the system (43) and (27) have the same stability properties at the origin, thus the Theorem 2 is
obtained. O

4. Examples

In this section we shall present several examples and apply the theorems above in these examples. The first example,
which is 3-dimensional system, is described by the following differential equations:

).(] = X2 + Xlz — X1X3 +X13 + 2X12X2 + 3)(24,
Xy = —X1 + X% +X1X3 + X% + x1%27 + 2x3%,
X3 = —2X3 +X12 +X22 +X144 (54)

(It should be noted that the coefficients of vector field given in (54) are not necessary integers.) It is seen that the origin x =
0 is an equilibrium; and the linearized system of (54) has eigenvalues +i and —2 at the origin. According to the Theorem 1,
we have

P1=1p2=0,p3=0,ps=-1,ps=0,ps=1,41=0,q2=1,43 =0,
G4=1,¢s=0,gs =1, 3 =2,11=1,1,=1,1r3=0,

then we can obtain the result :

(Ps +q4)(2r1 — 21y — a313)
0532 +4

A = (p3—2q1)p1 + (p3 +2G2) P2 — (41 + q2)q3 — 3(Ps + qs) +

L (EPats)(asr —asr +2r3)  2(Pa+qs)(ri+12) _

-4 <0,
a3 +4 a3 =

and the system (54) is not stable.
The second example, which is 5-dimensional system and has been considered in [11-13], is described by the following
differential equations:

X1 = Xo 4+ X12 — X1X3 + X2°,

)22 = —X1 -|—X22 + X1X4 +X13 -|—X23 -|—X24,

X3 = —X3+x1% +X3°,

)24 —X4 + X5 -|—X12+X32+X45,

X5 = —X4 — X5 + X2° + X4% + X5>. (55)
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It is seen that the origin x = 0 is an equilibrium; and the linearized system of (54) has eigenvalues +i, —1 and —1 +1i at the
origin. According to the Theorem 2, we have

si=1,512=0,53=0,54=—-1,515=0,816=0,521 =0,500 =1,53 =0,524 =0,
S35 =0,506=1,831=1,53p=0,833=0,54 = 1,84 =0,53 =0,551 = 0,85, = 1,553 = 0,

En=E6n=E63=8p=§6,=0,61=1,6,=0,83=-1,64 =0,&5 =0,
M=t =01=T51=0,T4n=1,Tp=Tn=Tp=T=0,172=1,

1 1 1
312=§7322=—§,B32=§,B42=E,Bsz=—@,3u=§,321=§,
Byt = —= By = +.Bsy = —— Big = & Bog = —=. Bso = . Bao = . Bso = 0
31 = 99 Bar = 5. Bst = =35 Bio = 5.B20 = —5. B30 = 5. Bao = 5. Bso = 0,

then we can obtain the result:

5
1 1 1 1 1 1
A= ; (EgiZBiZ —& (Bio + §Bi1>) + Z (iflejZ —Tp (BjO - 531‘1)) + 5(322522 +Bpp1i1) — (310 + 5&1)511

j=1

1 3 3
—(320 - 5321>722 - 2(516 +$26) = 50 < 0,

and the system (55) is not stable.
Obviously, with the help of Maple, the method in this paper is more simple and practical than the traditional Lyapunov
method which needs a suitable Lyapunov function.

5. Conclusions

We first give a theorem to determine the stability of the 3-dimensional system, then we solve the center manifold and
normal form of n-dimensional system. At last, the discrimination method for the stability of n-dimensional system is given.
The Jacobian matrix of the system studied here has only a pair of pure imaginary eigenvalues, and the other eigenvalues are
hyperbolic, so this is Hopf bifurcation case. In the above theorem, we can determine the stability by simple calculation of a
discriminant, and this discriminant can be calculated by coefficients of the original system. In the study of 3-dimensional or
n-dimensional system above, we only consider the situation that a;3 in the simplest normal form does not equal 0, and if
a3 = 0, the calculation will be more complicated, so it needs further study. Further we can also consider the stability of the
system in which the eigenvalues of Jacobian matrix are in other cases, and give a corresponding discriminant for judging
the stability.
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